The Application of Asymmetric Entangled States in Quantum Game 
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In the present letter, we propose a more general entangling operator to the quantization of Cournot 
economic model, in which players can access to a continuous set of strategies. By analyzing the 
relation between the von Neumann entropy of the entangled state and the total profit of two players 
precisely, we find that the total profit at the Nash equilibrium always achieves its maximal value as 
long as the entropy tends to infinity. Moreover, since the asymmetry is introduced in the entangled 
state, the quantum model shows some kind of "encouraging" and "suppressing" effect in profit 
functions of different players. 
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INTRODUCTION 



Game theory has experienced a great development 
since early time of last century through its wide appli- 
cation in nearly every aspect of our modern society. In 
recent few years, along with the thriving of quantum in- 
formation, a newly-emerging field, quantum game has 
begun to attract much attention due to the intimate 
connection between the theory of game and the theory 
of quantum communication [lj. This field was initiated 
by a paper of Meyer, finding that a player can always 
beats his classical opponent by adopting quantum strate- 
gies on the coin tossing game 0. Later, Eisert et al. 
1] introduced quantum entanglement into the famous 
Prisoners' Dilemma, by which the contradiction existing 
in the classical scenario vanishes. Since then, quantum 
game theory has developed rapidly and exhibited great 
superiority over its classical counterpart in later works 
SEHlEHIEHinimEm. In addition to the- 
oretical investigations, Du et al. realized the quantum 
Prisoners' Dilemma in experiments for the first time |l4j . 
and therefore constructed a practical base for quantum 
game. 

However, most of previous investigations on quan- 
tum game mainly focused on game models with discrete 
strategies set. In Li et aUs paper 0, they first put for- 
ward a quantization scheme for Cournot duopoly, a fa- 
mous economical model even preceding the birth of game 
theory |l5l |. in which two players can virtually cooperate 
and get the optimal profit at the maximal quantum en- 
tanglement between them albeit both act "selfishly" just 
as they do in the classical case. This work actually set up 
a foundation for further discussions regarding quantum 
game with continuous strategies [Ulil 113 ■ Recently 
Qin et al. introduced a quantization scheme for asym- 
metric games pfj| . The key modification of their scheme 
compared with Li et aVs is the adoption of two differ- 



ent entanglement factors, which ensure the asymmetric 
games to get the optimal cooperative profit. Neverthe- 
less, Qin et aVs quantum scheme can still be regarded 
as a fair play, for the two factors are determined by the 
extent of the asymmetry of the game. It is quite often 
that various environments may affect the quantum game, 
leading to asymmetric forms of the entanglement opera- 
tor. 

Hence, to better understand the property of quantum 
game, it's worthwhile studying the distinctive features of 
quantum game resulted from the change of the entan- 
glement operator. In this letter we develop the quan- 
tum model of Cournot's duopoly proposed by Li et al. 
by changing the initial state before actually entangling 
them, and we define these operations altogether as a 
whole entangling operation. Thus it can be discovered 
that the total profit at the unique Nash equilibrium will 
increase monotonously as long as the entropy of the en- 
tangled state, namely the entanglement, tends to infinity. 
While, considering the lack of symmetry in this quanti- 
zation scheme, our result will not remain Pareto optimal 
(the best result that can be achieved without disadvan- 
taging at least one group), which in fact may not be 
a necessity in the real world because of the simple fact 
that there is no absolutely-impartial law. Besides, all 
of the operators we cite in the quantization of Cournot 
duopoly can be realized experimentally within the capac- 
ity of modern optical technology through proper design. 
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II. COURNOT DUOPOLY 



Now we briefly recall the classical Cournot duopoly. 
Duopoly is an economic condition in which two firms 
hold the market of a certain commodity without a third 
competitor. In Cournot model, two firms are assumed 
to produce a homogeneous product and simultaneously 
decide their quantities q\ and q2. and the price of this 
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two single-mode squeezing operator Si £g> S to the vac- 
uum state, where Sj = exp(^fa., 2 — -?faj 2 ), and aj,aj 
are the creation and annihilation operator of the corre- 
sponding field, followed by a two-mode squeezing opera- 
tor S12 = exp(7aio,2 —ja\a\) of a two-mode electromag- 
netic field. Thus the total entanglement operator would 
be: 



FIG. 1: The quantum structure of the game. 



product is decided by the quantities as 
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(Q > a), 



(1) 



where Q is the total quantity of two firms, i.e. Q = 91+172 
and a is a constant. Assume that the unit cost of the 
product is also a constant c, the profit function of each 
firm would be: 



u j = Qjip - c ) = Qji k - ill + 92)), 



(2) 



with k = a — c > and j = 1, 2. It's easy to work out 
the unique Nash equilibrium: 



91=92 = 3 



it, = Un = 



k 

) 

fc 2 

9 



(3) 



However, the Nash equilibrium is not the optimal solu- 
tion for the market. If the two firms cooperate and raise 
their total quantity to fc/2, they can acquire the highest 
total profit fc 2 /4. In addition, by keeping the symmetry 
of the model, we can obtain the Pareto optimal in the 
following solution: 



k 
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U-i =11, = 



(4) 



The profit difference between the optimal choice and 
the Nash equilibrium reflects the conflict between indi- 
vidual rationality and collective rationality, just like in 
the classical prisoners' dilemma. 



III. QUANTIZATION OF CLASSICAL MODEL 

Here we put forward a modified quantization model 
of Li et aVs 16], where we make use of two single- 
mode electromagnetic fields. Fig. ^ shows the quantum 
structure of the game. As a extension, we first apply 
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(5) 



with constraint 71 , 72, 712 € R and 712 > (which also 
is an extension of Li et aPs model). Apparently, we can 
turn back to Li et aPs entanglement operator if 71 = 7 2 — 
0. The strategies in the set of local unitary operators is 
Dj(xj) — exp[xj(a'j — aj)/\^2] as the scheme of Li et al.'s. 

The final measurement is made corresponding to the 
observables Xj = (aj +a,j)/y/2, which in quantum optics 
is the amplitude quadrature (we can simply perceive it as 
the "position" operator). This measurement is done by 
the homodyne measurement assuming that the state is 
infinitely squeezed. Correspondingly, by citing the phase 
quadrature Pj = i(aj — aj)/ 1 \f 7 l (which can be seen as the 
"momentum" operator), we can rewrite the entanglement 
operator and the strategies in the following form: 



i(7i ,72,712) = exp[i7i 2 (i"iP 2 +X 2 Pi)] 

■ex V [ij 1 {X 1 P 1 + P 1 X 1 )/2] 
■exp[i l2 (X 2 P 2 + P 2 X 2 )/2}, 
Dj( x j) = exp(-ixjPj), j = 1, 2. 



(6) 
(7) 



Obviously, the classical Cournot duopoly is only a spe- 
cial case with 712 = in its quantum extension. Because 
the strategy set is not extended compared to its classical 
counterpart, we can be sure that all the features shown 
in the quantization version attribute to the entanglement 
of the states. The specific property of the entangled state 
is analyzed in the paragraphs below. 

By detailed calculation we get: 

J'Di(xi) J = exp[— ixi(Pie" a cosh7i 2 + P 2 e 12 sinh7i 2 )], 

(8) 

D 2 (x 2 )J = exp[-ia;2(P2e 72 cosh 712 + Pie 71 sinh7i 2 )]. 

(9) 

Therefore the final state reads: 

|V/> = i^fli^^W 

= exp[— ie 11 (x\ cosh 712 + x 2 sinh 712)^1] \vac} 1 

(g> exp[— ie l2 (x 2 cosh 712 + x\ sinh ^\ 2 )P 2 \ \vac) 2 . 

(10) 



3 



And the measurement gives the respective quantity of 
each firm player: 

qi = e 7l (x 1 cosh + x 2 sinh7 12 ), (If) 
Q2 = e 72 (x 2 cosh 712 + X\ sinh7i 2 ). (f2) 

Simply by substituting the above into the classical 
profit functions (see Eq. J3J)), we get the quantum profit: 

uf(x 1} x 2 ) = e 11 (xi COSI1712 + x 2 sinh7i 2 )p(a;i,a; 2 ), 

(13) 

u^(x 1 ,x 2 ) — e j2 (x 2 cosh 712 + X\ sinh7i 2 )p(a;i, x 2 ), 

(14) 



where p(xi,x 2 ) = [k — xi(e 71 cosh 712 + e 72 sinh7i2) — 
cc 2 (e 72 cosh 712 + e 71 sinh7i2)]. 

Solving the Nash equilibrium equations we obtain the 
unique solution: 



* _ fee 72 cosh7i 2 

Xl ~ (eTi + e 72 ) sinh 2712 + g7i+72 (2 cosh 2712 + f ) ' 

(15) 

* _ ke 11 cosh7i 2 

X2 ~ (efi + e T2 ) sinh 2712 + eTi+72 (2 cosh 2712 + f ) ' 

(16) 

And the profit at the equilibrium reads: 



u 1 \x l , x 2 



U 2 [Xi , x 2 ) 



cosh 712 (cosh 712 + e Al sinh 712) 2 (cosh 712 + e A7 sinh 712) 
(1 + 2cosh27i 2 + 2 cosh A7 sinh 2712 ) 2 

cosh 712 (cosh 712 + e~ A7 sinh 712 ) 2 (cosh 712 + e Al sinh 712) 
(1 + 2cosh27i 2 + 2coshA7sinh27i 2 ) 2 



(17) 
(18) 



where A7 = 71—72- Apparently, the profit functions 
only depend on two parameters 712 and A7. In addition, 
if we make 71 = 72 = 0, i.e. A7 = 0, it's easy to find that 
the result is exactly that of Li et al in their quantization 
scheme. 



IV. ENTROPY & ASYMMETRY 

Using the method put forward in Rendell's paper (2l| , 
we write the entangled state in the representation of "po- 
sition" : 



\ipi) = exp[— (ax\ + (3x\ + 2jxix 2 )/2] 
By solving the equations below: 

JaiJ^ = Jai,P,J \vac) 1 = 0, 
Ja 2 J^ — Ja 2 ,P,J \vac) 2 = 0. 



(19) 



(20) 
(21) 



We can obtain the expression of the three unknown 
parameters as 



7 = 



(f + Ai)(f-A 2 ) + (f-Ai)(f + A 2 )A 2 2 

(f-Ai)(f-A 2 )(f-A 2 2 ) 
(f-Ai)(f + A 2 ) + (f + Ai)(f-A 2 )A 2 2 
(f-Ai)(f-A 2 )(f-A 2 2 ) 
2Ai 2 (f-AiA 2 ) 



(f-Ai)(f-A 2 )(f-A 2 2 ) 



(22) 
(23) 
(24) 



where Ai = tanh7i,A2 = tanli72,Ai 2 = tanh7i 2 . To 
better assess the entanglement of the state, we need to 
calculate the von Neumann entropy of the state, which 
is defined as S = — Tri(pilnpi) = — Tr 2 (p 2 lnp 2 ) {pi,p 2 
are the density matrix of two single-mode electromag- 
netic fields). Based on the above calculation we get the 
following equality by making use of Rendell's method: 



■ lln 



yV + f + f 



(25) 



S{ri)=\n{r)/2) + \^< 

2 07 +1-1 

where 77 = sinh 2712 cosh A7 > 0. As a confirmation, 
when 71 = 72 = 0, Eq. lt2*5|) is reduced to: 



S = cosh 2 712 ln(cosh 2 712) — sinh 2 712 ln(sinh 2 712), 

which is exactly the entropy of a two-mode squeezing 
state. It is interesting to find that like the profit function, 
the entropy is also determined by only two parameters 
712 and A7. In addition, we find that the von Neumann 
entropy monotonously increases from zero to infinity as 
the parameter r\ increases. Since rj increases as either of 
the two parameters increases (when 712 ^ 0), the entropy 
is an increasing function of both 712 and A7. 

In Li et al.'s entanglement operator, through whole 
unitary transformation exp[7i2(aia2 — a!a 2 )], we get the 
maximal entangled state as 712 tends to infinity. Nev- 
ertheless, it's discovered that only by changing the ini- 
tial state via local unitary transformation exp[7i(dj 2 — 
a| 2 )/2], the maximized entanglement is also achieved as 
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long as entanglement exists (i.e. 712 7^ 0, even if it is very 
small; see Fig. |3J). Obviously, such kind of situation is 
impossible in quantum game with Hilbert space of finite 
dimensions. 

Moreover, we estimate the asymmetry by calculat- 
ing the relative difference of the "position" uncertainties 
(which actually represent the width of Gaussian wave 
package in each " position" space) between two parties in 
the expression below: 



(Ax?) - <Az|) 



(Axl) 



(Az§) 



tanh A7 
cosh 2712 



(27) 



For fixed and finite 712, the above expression would 
monotonously decreases as A7 increases. Due to the ob- 
vious fact that the system is completely symmetric when 
A7 = 0, we can simply perceive IA7I as a measurement 
of the asymmetry of the entangled state, while it's worth 
mentioning that all the discussion concerning asymmetry 
above only reflects a variation trend between variables 
and the final state. 




DISCUSSION 



So far, we have confined three parameters presented in 
the entanglement operator to only two ones, i.e. 712, A7. 
In the paragraphs below, specific analysis of the relation 
between the game model adopted here and the entangled 
state is given. 

Since the total profit of two players cannot achieve 
the maximum at the Nash equilibrium due to the de- 
viation between individual rational choice and collective 
optimization requirement in classical Cournot duopoly, it 
must be the application of quantum entanglement that 
eliminates this dilemma in Li et aL's scheme. As an ex- 
tension of their entangled state, we separately give the 
alternation trends of the total profit (u = U\ + 1*2) and 
the entropy S versus 712 , A7 in the following figures (Fig. 
121 Fig. in which the unit of profit is taken as fc 2 /4 , 
namely, the optimal value of the total profit in the clas- 
sical cooperation scenario (See Eq. (@J). 

It's obvious to see that both the profit and entropy 
function increases as either of the parameters increases 
(the condition 712 ^ is necessary here; otherwise there 
would be no entanglement between two parties). When 
the entropy tends to infinity, the total profit also achieves 
its maximal value, and Li et aZ.'s situation is just a spe- 
cial case when A7 = 0. Since the entropy is defined as a 
measurement of the entanglement of the state, it would 
be adequate to explain that the entanglement of the state 
does help improve the total profit in Cournot duopoly in- 
dependent of the concrete form of the state (i.e. no mat- 
ter in which way the entanglement is increasing) as illus- 
trated in the previous section, and so long as the maximal 
entanglement is attained, the conflict between individual 
rationality and collective rationality disappears. 



FIG. 2: when A7 is fixed, the total profit u compares to the 
entropy S as 712 changes. 
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FIG. 3: when 712 is fixed, 
entropy S as A7 changes. 
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FIG. 4: when A7 is fixed, the function plot between the en- 
tropy S and total profit u. 



In Fig. we present a more detailed function plot 
between the entropy and the total profit. Apparently, 
although both quantities have the same increasing trend 
as seen in Fig. |3and Fig. the entropy does not deter- 
mine the total profit uniquely, i.e. there isn't a one-to-one 
correspondence between such two quantities. In combi- 
nation of previous discussion concerning asymmetry, it is 
not difficult to find that the increase of asymmetry would 
cause the reducing of the total profit if the entanglement 
of the state don't reach the maximum. 

Furthermore, the variation of asymmetry also results 
in the change of the profit difference between two players 
in our quantization scheme. Fig. shows that Player 1 
would monopolize the market and get the optimal profit 
when A7 tends to positive infinity, while on the contrary, 
player 2 would become the monopolizer of the market 
if A7 tends to negative infinity. Therefore, 71,72 can 
be separately regarded as the extent to which player 1 
and 2 are encouraged (or the corresponding opponents 
are suppressed), that is, the larger the parameter is, the 
more profit the corresponding player can acquire. 



entanglement operator. For the particular case of sym- 
metric scenario, it would turn back to the quantization 
scheme put forward by Li et at. As an extension of their 
quantum model, we investigate the relation between the 
Nash equilibrium in quantum situation and the entan- 
glement of the state more specifically, and find that the 
optimal total profit can always be attained as long as 
the maximal entanglement is realized. Also we observed 
some novel features such as the encouraging and sup- 
pressing effect in our quantum model, which completely 
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FIG. 5: the variation trend of the profit difference as param- 
eters change. 



attributes to the asymmetry of the system. Therefore, 
in our quantization scheme, the government would have 
more choices in managing the market. It actually consti- 
tutes a better base for further discussion of game models 
involving incomplete information or unequal competition 
status. 
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